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Let p be an odd prime. Let F p be the finite field of p elements with no null part 
F* Let K p = Q(Cp) be the p-cyclotomic field. Let it be the prime ideal of K p lying 
over p. Let v be a primitive root mod p. In the sequel of this paper, for n € Z let us 
note briefly v n for v 11 mod p with 1 < v n < p — 1. Let a : Cp ~* Cp be a Q-isomorphism 
of K p /Q. Let G p be the Galois group of K p /Q. Let P(a) = Ef=o ^ x «~\ e 

z[cy. 

We suppose that p is an irregular prime. Let C p be the p-class group of K p . Let T 
be a subgroup of C p of order p annihilated by a — /x with E F*. From Kummer, there 
exist not principal prime ideals q of Z[C,] of inertial degree 1 with class C7(q) E T. 
Let q be the prime number lying above q. 

Let n be the smallest natural integer 1 < n < p — 2 such that \x = v n mod j? for 
/i defined above. There exist singular numbers A with ^4Z[£ p ] = q p and 7r n | yl — a 
where a is a natural number. If A is singular not primary then 7r n || A — a and if 
A is singular primary then tt p \ A — a. We prove, by an application of Stickelberger 
relation to the prime ideal q, that now we can climb up to the 7r-adic congruence: 

1. vr 2 ^ 1 | A p ^ if g = l mod p. 

2. tt^' 1 || A p ^ if g = 1 mod p and pte- 1 )/^ = 1 mod q. 

3. tt 2 p | A P ^ if g ^ 1 mod p. 

This property of 7r-adic congruences on singular numbers is at the heart of this paper. 

1. As a first example, in section |21 p. ^Jthis 7r-adic improvement allows us to give 
an elementary straightforward proof that the relative p-class group C~ verifies 
the following congruence mod p: with v, m defined above, the congruence 



is verified for m taking r~ different values rrii, i = l,...,r~ where r~ is 
the rank of the relative p-class group C~ (result which can also be proved 
by annihilation of class group of K p by Stickelberger ideal G Z[G P }). A second 
example is a straightforward proof that if is odd then the Bernoulli Number 
B { P +i)/2 # mod p. 

2. The section0]p. I18l brings some results on connection between singular primary 
numbers and the stucture of the p-class group of K p . 

3. In the last section [5] p. |2U]we give some explicit congruences derived of Stickel- 
berger for prime ideals q of inertial degree / > 1. 



1 Some definitions 

In this section we give the definitions and notations on cyclotomic fields, p-class 
group, singular numbers, primary and not primary, used in this paper. 

1. Let p be an odd prime. Let £ p be a root of the polynomial equation X 1 ^ 1 + 

XV- 2 H h X + 1 = 0. Let K p be the p-cyclotomic field K p = Q(( p ). The ring 

of integers of K p is Z[£ p ]. Let K p be the maximal totally real subfield of K p . 
The ring of integers of K+ is Z[( p + C" 1 ] with group of units Z[£ p + Cp 1 ]*- Let v 
be a primitive root mod p and a : Cp Cp be a Q-isomorphism of K p . Let G p 
be the Galois group of K p /Q. Let F p be the finite field of cardinal p with no 
null part F*. Let A = C p — 1. The prime ideal of K p lying over p is it = \Z[( P ]. 

2. Suppose that p is irregular. Let C p be the p-class group of K p . Let r be the 
rank of C p . Let be the p-class group of K+ . Then C p = C~ where 
C~ is the relative p-class group. 

3. Let r be a subgroup of order p of C p annihilated by a — fj, G F p [G p ] with fi G F*. 
Then fi = v n mod p with a natural integer n, 1 < n < p — 2. 

4. An integer A G is said singular if yl 1 / p i^Tp and if there exists an ideal a 
of Z[C P ] such that AZ[C P ] = sP. 

(a) If r C C~: then there exists singular integers A with AZ[^ p ] = aP where a 
is a not principal ideal of verifying simultaneously 

C7(a) G T, 

a (A) = A^ x a p , fie F*, a G K p , 

(2) n — 3 

fi = v 2m+1 mod p, m G N, 1 < m < ' 
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vr 2m+1 | A - a, a G N, 1 < a < p - 1, 
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Moreover, this number A verifies 



(3) A x A = D p , 

for some integer D G K -t 



i. This integer A is singular not primary if 7r 2m + 1 || A — a. 

ii. This integer A is singular primary if ir p \ A — a p . 

(b) If r C Cp-. then there exists singular integers A with AZ[<^ p ] = aP where a 
is a not principal ideal of Z[£ p ] verifying simultaneously 

C7(a) G T, 

a {A) = A^ x a p , ji G F*, a G if p , 

(4) p — 3 

= t; 2 " 1 mod p, m G Z, 1 < m < — - — , 



7r 2m | A - a, a G Z, 1 < a < p - 1, 
Moreover, this number ^4 verifies 

(5) | = 

for some number D G K^. 

i. This integer ^4 is singular not primary if 7r 2m || A — a. 

ii. This number A is singular primary if it p \ A — a p . 



2 On Kummer and Stickelberger relation 

1. Here we fix a notation for the sequel. Let v be a primitive root mod p. For 
every integer k G Z then u fe is understood mod p so 1 < w fc < p - 1. If k < it 
is to be understood as v k v~ k = 1 mod p. 

2. Let g 7^ p be an odd prime. Let ( q be a root of the minimal polynomial equation 
Xi- 1 + Xi- 2 + • • • + X + 1 = 0. Let ^ = Q(C ? ) be the g-cyclotomic field. The 
ring of integers of K q is Z[Q]. Here we fix a notation for the sequel. Let u be 
a primitive root mod q. For every integer fc£Z then u fe is understood mod q 
so 1 < u k < q — 1. If A; < it is to be understood as u k u~ k = 1 mod q. Let 
K pq = Q(Cp)Cg)- Then K p9 is the compositum K p K q . The ring of integers of 
K pq is Z[C P9 ]. 

3. Let q be a prime ideal of Z[£ p ] lying over the prime q. Let m = N K ^q(c() = 1^ 
where / is the smallest integer such that q' = 1 mod p. If ijj(a) = a is the image 
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of a G Z[£ p ] under the natural map ip : Z[£J — > Z[£ p ]/q, then for VK a ) = a ^ 
define a character Xcf^ on F m = Z[£ p ]/q by 



(6) X^(«) = 0^ = , 

q q P 

where {^} = £ p for some natural integer c, is the power residue character 
mod q. We define 

(7) <7(q) = £ x C^'^) e Z[C M ], 

and G(q) = #(q) p . It follows that G(q) G Z[C M ]. Moreover G(q) = g(q) p G 
Z[C p ], see for instance Mollin |3] prop. 5.88 (c) p. 308 or Ireland-Rosen 1 prop. 
14.3.1 (c) p. 208. 

The Stickelberger's relation is classically: 

Theorem 2.1. In Z[£ p ] we have the ideal decomposition 

(8) G(q)Z[C P ] = q 5 , 

wii/i S* = 5Zt=i * x w t l where wt G Gal(K p /Q) is given by m t : ( p —>■ Cp- 

See for instance Mollin [3| thm. 5.109 p. 315 and Ireland-Rosen thm. 2. p. 209. 

2.1 On the structure of G(q). 

In this subsection we are studying carefully the structure of <?(q) and G(q). 

Lemma 2.2. If q ^ 1 mod p then g(q) G Z[£ p ]. 

Proof. 

1. Let u be a primitive root mod q. Let r : £ 9 — > Q be a Q-isomorphism generating 
Gal(K q /Q). The isomorphism r is extended to a i^ p -isomorphism of by 
t ■ ( q -> Q, C P -> C P - Then 0(q)P = G(q) G Z[C P ] and so 

r( 5 (q)) P = 5(q) P , 

and it follows that there exists a natural integer p with p < p such that 

r(5(q))=C P P x 5 (q). 

Then A^/^r^q))) = x N Kpq/Kp (g(q)) and so = 1. 
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2. If q ^ 1 mod p, it implies that Cp = 1 and so that r(g , (q)) = g(q) and thus that 
<7(q) G Z[C P ]. 

□ 

Let us note in the sequel g(q) = YliZo 9i x Q with <7i G %[(p\- 
Lemma 2.3. If q = 1 mod p then go = 0. 

Proof. Suppose that go 7^ and search for a contradiction: we start of 

r(</(q)) = C P P x 0(q). 
We have #(q) = E?=o 5i x Q and so r(g(q)) = E?=o x Cj", therefore 

g-2 q-2 

E(^)xq = E^ x C- 

i=0 i=0 

thus <7o = Cp x (/o an d so Cp = 1 which implies that r(<?(q)) = g(q) and so <?(q) € 
Then G(q) = g(q) p and so Stickelberger relation leads to <?(q) p Z[C p ] = q 3 where 
S = Ylt=it x w t X - Therefore ccj" 1 (q) || q s because g splits totally in K p /Q and 
Ci7 t~ 1 ( < l) 7^ tI7 ^ 1 ( c l) f° r * 7^ t'- This case is not possible because the first member g(q) p 
is a p-power. □ 

Here we give an elementary computation of g(q) not involving directly the Gauss 
Sums. 

Lemma 2.4. If q = 1 mod p then 
G(q) = 5(q) P , 

(9) 5 (q) = C g + C^Q" 1 + Q" 2 + • • • #- 2) "Q" (<, " 2) , 

^(q) p Z[C p ] = q S , 
/or some natural number p, I < p < p — 1. 
Proo/. 

1. We start of r(<?(q)) = Cp x g(q) and so 

g-2 g-2 

(io) 5><r = #xX>4, 

1=1 1=1 

which implies that gi = g±(£ for u x i = 1 mod g and so <7 u -i = 51 Cp (where u~ l 
is to be understood by u -1 mod g, so 1 < u -1 < q — 1). 
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2. Then r 2 ( 5 (q)) = r(C&7(q)) = Cp P <?(q)- Then 

q-2 q-2 

i=l i=l 
which implies that §i = giCp P for v? x i = 1 mod g and so <7 u -2 = giCp p - 

3. We continue up to r^- 2 )p( 5 ( q )) = r*- 3 (C#s(q)) = • • • = Cp 9 ~ 2)P s(q)- Then 

i=l i=l 
which implies that gi = gi(p 9 2 ^ p for u q ~ 2 X i = 1 mod q and so g u -( q - 2 ) = 

9 iCt 2)p - 

4. Observe that u is a primitive root mod q and so tt _1 is a primitive root mod q. 
Then it follows that 5 (q) = 5l x (C, + C^ 1 + Cp"Q~' + ■■■ C^Cf^)- 

Let c/ = Cg + c^cr 1 + c P 2p cr 2 + . . . ci^ 2)p cr c?_2) - 

5. We prove now that g\ 6 Z[C P ]*. From Stickelberger relation g P xU p = q s . From 
S = X] P =i x * it follows that tu i _1 (q)' || q 5 and so that g\ ^ mod ru^ 1 (q) 
because is ap-power, which implies that g\ € Z[C p ]*. Let us consider the rela- 
tion©. Let x = 1 G F„ then Tr F9/F(j (x) = 1 and Xq P) (l) = l {q ~ 1)/p mod q = 1 
and thus the coefficient of ( q is 1 and so g\ = 1. 

6. From Stickelberger, g(q) p Z[Cp] = q s , which achieves the proof. 

□ 

Remark: From 

5(q) = C, + C P Q _1 + C 2p Q~ 2 + • • • + C^- 2)p C" (g " 2) , 

(11) => r( 5 (q)) = £ + C P % + C 2P C ? W_1 + • • • + Ci g - 2)P Cr (9_3) , 

=> c p x 5 (q) = c% + c 2p c _1 + c P 3p c~ 2 + • • • + #- 1)p cr (9 " 2) 

and we can verify directly that r(g(q)) = Cp x <?(q) for this expression of g(q), 
observing that q — 1 = mod p. 

Lemma 2.5. Xei 5 = Ylt=i w t~ l x t where wt is the ^-isomorphism given by w% : 
Cp — > Cp of K p . Let v be a primitive root mod p. Let a be the Q-isomorphism of K p 

given by ( p -» Cp • ie« = £ P ~ 2 ^ x v ^ G z I G p]- T/ien 5 = P (°")- 



7 



Proof. Let us consider one term w^ 1 x t. Then v^ 1 = v p ~ 2 is a primitive root mod p 
because p — 2 and p — 1 are coprime and so there exists one and one i such that 
t = v~ l . Then vj v -* : Cp — > Cp and so calj : Cp ~~ *■ Cp' an d so ro~_ 4 = <r* (observe 
that <t p_1 x t; - ^" 1 ) = 1), which achieves the proof. □ 

Remark : The previous lemma is a verification of the consistency of results in 
Ribenboim [Sj p. 118, of Mollin 3 p. 315 and of Ireland- Rosen p. 209 with our 
computation. In the sequel we use Ribenboim notation more adequate for the fac- 
torization in Fp[G]. In that case the Stickelberger's relation is connected with the 
Rummer's relation on Jacobi resolvents, see for instance Ribenboim, 5 (2A) b. p. 
118 and (2C) relation (2.6) p. 119. 

Lemma 2.6. If q = 1 mod p then 

1. <?(q) defined in relation is a Jacobi resolvent: g(q) =< Cp>C? >• 

2. p = -v. 

Proof. 

1. Apply formula of Ribenboim [3] (2.2) p. 118 with p = p, q = q, C = Cp, p = 
Cj, n = p, u = i, m = 1 and h = u -1 (where the left members notations 
p,q,C? Pi n i u i m an d h are the Ribenboim notations). 

2. We start of < Cp>C? > = sC*!)- Then v is a primitive root mod p, so there 
exists a natural integer I such that p = v l mod p. By conjugation o~~ l we get 
< Cpi Cj >= 5 , (q) cr • Raising top-power < £ p , C q > p = g(q} prj . From lemma l2~o1 
and Stickelberger relation < Cp, ( q > p Z[C P ] = q p ^ a ' . From Kummer's relation 
(2.6) p. 119 in Ribenboim 0, we get < Cp,C? > p Z[C P ] = q Pl(<T) wi th Py(<r) = 
E^o (7 ^ (p_1)/2 " 5 '- Therefore Ei=o ^"^^ = ££o ^« (p_1)/2_i . Then i- 
/ = j mod p and —i = _ j mod p (or i = j — mod p) imply that 
j — 2^- —l=j mod p, so / + = mod p, so Z = — ^-g- mod p, and 
/ = 2±i mod p, thus p = ti(P +1 )/ 2 mod p and finally p = —v. 

□ 

Remark : The previous lemma allows to verify the consistency of our computation 
with Jacobi resultents used in Kummer (see Ribenboim p. 118-119). 

Lemma 2.7. If q = 1 mod p then <?(q) = —1 rood 7r. 

Proof. From g(q) = C g + C£Cf ' + Cp P Q~ 2 + • • • + ^"^"Q" 1 "" 2 ' , we see that g(q) = 
C q + Cq 1 + Q 2 + ' ' ' + Cq * 2> niod 7T. From u -1 primitive root mod p it follows 
that 1 + Cg + Cq _1 + Q~ 2 H h Q ~ (9_2> = 0, which leads to the result. □ 
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It is possible to improve the previous result to: 
Lemma 2.8. Suppose that q = l mod p. If p(<2-i)/p ^ 1 mod q then ir p \\ g(q) p + 1. 
Proof. 

1. We start of <?(q) =( q + + Cp P (^ + ■■■ ^~ 2)p Q~ (q ~ 2) , so 

rtq)=<, + ((#-l) + l)C _1 +((<^ 
also 

9(a) = -l + (c£ - + (c 2 / - i)cr 2 + • • • + (c ( P q - 2)p - i)cr ( ^ 2) . 

Then = 1 + ipA mod 7r 2 , so 

5 (q) = -1 + A X (pQ" 1 + 2pQ- 2 + • • • + (q - 2)p)Q iq - 2) ) mod A 2 . 

Then g(q) = -1 + XU + A 2 V with ?7 = pQ^ + 2pQ _2 + ■■■ + (?- 2)p)Cf (9 ~ 2) 
and C/,F G Z[C P9 ]. 

2. Suppose that 7r p+1 | g(q) p + 1 and search for a contradiction: then, from g(q) p = 
(-1 + XU + X 2 V)p, it follows that pXU + Aff/ P = mod n p+1 and so f/ p - U = 
mod 7T because pA + A p = mod ir p+1 . Therefore 

[pQ- 1 + 2pQ 2 + • ■ ■ + (q ~ 2)p)Q- (q - 2) f- 

(pQ- 1 + 2pQ' 2 + ■ ■ ■ + (g - 2)p)Cf (? ~ 2) ) = mod A, 



and so 



(per" + 2pcr -2 +■••+(?- 2)p)cr" (9_2) ; 



5 <; 



(pC" 1 + 2pC" 2 + ■•• + (?- 2)p)Cr ( " 2) ) = mod A. 



3. For any natural j with 1 < j < q — 2, there must exist a natural j' with 
1 < f < q — 2 such that simultaneously: 

pit - - 7 = u^- 7 mod q p = ~ J mod (7, 
=>■ pj' = mod n => f — j = mod p. 

Therefore p = u P x {0"-i)M mod 9 and so pii'V/P = u px(9-i)/p)x{0"-j)/p} mod g 
thus pii-^/P = 1 mod g, contradiction. 

□ 
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2.2 A study of polynomial P(a) = ^Lo G%v % of A G v\- 

Recall that P(a) € Z[G P ] has been defined by P(a) = J2iZo 
Lemma 2.9. 

p-2 p-2 

(12) P(a) =J2 ai x = ^ (P_2) x { [] (cr-^j+pxi^a), 

j=0 fc=0, k^l 

where R(a) € l\G p \ with deg(R(a)) <p-2. 

Proof. Let us consider the polynomial Rq(o-) = P(a) — u~( p ~ 2 ) x {rifc=o k^i( a ~ yk )} 
in Fp[G p ]. Then Ro(a) is of degree smaller than p — 2 and the two polynomials 

X)i=o °~ %v ~ % an d Ilfc=o fc^i( CT ~~ yk ) * a ^ e a nun vame m when a takes the p — 2 

different values <r = v fc for k = 0, . . . ,p — 2, fc 7^ 1. Then Ro(a) = in F p [G p ] which 
leads to the result in Z[G p ]. □ 

Let us note in the sequel 

(13) T{a) = v-( p -^ x Yl (a-v k ). 

k=0, ky^l 

Lemma 2.10. 

(14) P{a) x(a-v) = T{a) x (a - v) + pR(a) x (a - v) = p x Q(a), 
where Q(a) = Y%=i x a% e ^[^p] ^ s flwen fry 

„-(p-3) _ 



0p-2 = 

P 

„-(p-4) . 

Vs = — 

(15) : -(i-D -i 

P 

1 — 

01 = , 

with —p < Si < 0. 
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Proof. We start of the relation in Z[G P ] 

p-2 

P(a) x(a-v) = v-tP-V x Y[(a - v k ) + p x R(a) x (a - v) = p x Q(a), 

k=0 

with Q(o-) G Z[G P ] because ~ "*) = in F p[ G p] and so IljSO 7 - ^ fc ) = 

p x Ri(o-) in Z[G P ]. Then we identify in Z[G p ] the coefficients in the relation 

( v -(p-2) a P-2 + y-to-QgP-a + . . . + v -i a + i) x (a-v) = 
P x (5p- 2 ^~ 2 + <5 p - 3 ^ 3 + --- + Sia + Sq), 

where a p ~ l = 1. □ 
Remark: 

1. Observe that, with our notations, Si € Z, i = — 2, but generally 
<5j ^ mod p. 

2. We see also that — p < <5j < 0. Observe also that <5o = - (v = 0. 
Lemma 2.11. The polynomial Q(a) verifies 

(p-3)/2 (P-3J/2 

(16) Q(a) = {(l-a)( £ <5, x a*) + (1 - v)a^l 2 } x ( £ a*). 

i=0 i=0 

Proof. We start of $ = !L±Z^Z^ , Then 

v -(i+(p-l)/2-l) _ v -(i+(p-l)/2) p _ _ ( p _ v-*)^ 
<^+(p-l)/2 = = = 1 — v — Si. 

Then 

(p-3)/2 

(5(a) = (<5i x (<j* - (j'+fr- 1 )/ 2 + (1 - uJ^+Cp- 1 )/ 2 ) 

i=0 

(p-3)/2 (p~3)/2 

= ( ^ <5i x^) x (l- C j( p - 1 )/ 2 )) + (l 

i=0 i=0 

which leads to the result. □ 
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2.3 7r-adic congruences on the singular integers A 

From now we suppose that the prime ideal q of Z[£ p ] has a class C7(q) £ T where T 
is a subgroup of order p of C p previously defined, with a singular integer A given by 
^Z[C P ] = q p . 

In an other part, we know that the group of ideal classes of the cyclotomic field is 
generated by the ideal classes of prime ideals of degree 1, see for instance Ribenboim, 
(3A) p. 119. 

Lemma 2.12. 

(gq\ P 2 = (MP(ff) 

Proof. We start of G(q)Z[C p ] = g(q) p Z[( p ] = q 5 . Raising to p-power we get g(q) p2 Z[( p ] = 
q pS . But AZ[( p ] = q p , so 

(17) g( q fz[C p ]=A s Z[C p ], 
so 

(18) 5 (q) p2 x Cp x v = A s , rjGZ^ + Cp 1 ]*, 

p 2 

where w is a natural number. Therefore, by complex conjugation, we get g(q) x 

r- w x 7? = 1 S . Then (£M)p 2 x &» = (4) s . From A = a mod vr 2m+1 with a natural 
f ' g(l) p A 

integer, we get 4 = 1 mod 7r 2m+1 and so 77; = 0. Then (4=) p2 = (4) 5 - □ 
to ' A g(q) A 

Remark: Observe that this lemma is true if either q = 1 mod p or q ^ 1 mod p. 

Theorem 2.13. 

1. 5 (q)P 2 =±A P M. 

2. ff (q)P( ff - 1 )(°-' u ) = ±(5) Qi(ct) w/iere 

(p-3)/2 

Q^a) = (1 - a) x ( a 1 ) + (1 - v) x >- x )/ 2 . 

i=0 

Proo/. 

1. We start of #(q)P 2 xtj = A p ^ proved. Then ^pV-IX*-'') x ^-IX"-") = 
From lemma irTTl we get 

P{a) x (a - v) x (a - 1) =p x Qi(<r) x (>~ 1)/2 - 1), 
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where 

(p-3)/2 

Q^a) = (1 - a) x ( ^ $ x a 4 ) + (1 - v) x a^" 1 '/ 2 . 

Therefore 

(19) g^y 2 ^- 1 ^-^ x ^(ff-i)^-*) = Ap^\ 



and by conjugation 



y4. 



Multiplying these two relations we get, observing that g(q) x g(q) = qf , 

q fp 2 (<T-l)(*-v) x v 2(a-l)(a-v) = ^ 

also 



v 2(a-l)(a-v) _ j 

and thus 77 = ±1 because 77 6 Z^p + C" 1 ]*, which with relation (fT9*|) get <?(q) p2 = 
±A p ( a ^ achieves the proof of the first part. 

2. From relation (|19|) we get 

(20) 5 ( q )PV-l)(*-«) = ±A pQi(<j) , 
so 

(21) 5 ( q )P(-D(-«) = ±C - x (^)<*W 

where to is a natural number. But g(q) a ~ v £ if p and so g(q)P( f7 ~ 1 ')( CT ~ 1 ) e (K p ) p , 
see for instance Ribenboim [3j (2A) b. p. 118. and (^) Ql ^ e (K p ) p because 
o — [i I Qi(cr) in F p [Gp] imply that w = 0, which achieves the proof of the second 
part. 

□ 

Remarks 

1. Observe that this theorem is true either q = 1 mod p or q ^ 1 mod p. 

2 

2. <7(q) = —1 mod tt implies that g(q) p = — 1 mod 7r. Observe that if A = a mod 7r 
with a natural number then A p ^ = a 1+v 1-1 ^ v P 2> = a p ( p_1 )/ 2 mod 7r 

■ 1 mod 7r consistent with previous result. 
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Lemma 2.14. Let q ^ p be an odd prime. Let f be the smallest integer such that 
qf = 1 mod p. If f is even then g(q) = ±Cf g-^ I 2 for w a natural number. 

Proof. 

1. Let q be a prime ideal of lying over q. From / even we get q = q. As in 
first section there exists singular numbers A such that AZ[(^ p ] = q p . 

2. From q = q we can choose A G Z[( p + C" 1 ] and so A = A. 

3. we have g(q) p = ±A p ( a \ From lemma l2~2*l p. [SJ we know that g(q) G 

4. By complex conjugation g(q) p2 = ±A p ^ a \ Then g(q) p = <?(q) • 

P 

5. Therefore g(q) p = C^ 2 x <?(q) with ^2 natural number. As #(q) G ^[Cp] this 
implies that u>2 = and so g(q) p = g(q) P - Therefore <?(q) = Cp" 3 x 9{°L) 
with natural number. But g(q) x g(q) = qf results of properties of power 
residue Gauss sums, see for instance Mollin prop 5.88 (b) p. 308. Therefore 
g( q ) 2 = g^a x qf and so ( 5 (q) x Cp~™ 3/2 ) 2 = ^ and thus 5 (q) x (~ W3/2 = ±qf/ 2 
wich achieves the proof. 

□ 

Theorem 2.15. 

1. Ifq = l mod p then A p ^ = 5 mod tt 2p ~ 1 with 5 G {-1, 1}. 

2. If and only if q = 1 mod p and p^^^/'f = 1 mod q then ■n 2p ^ 1 \\ A p ^ — 5 with 

<fe{-l,i}. 

3. Ifq^l mod p then A p( ^ = 5 mod ir 2p with 5 E {-1, 1}. 
Proof. 

1. From lemma |2~71 we get tt p \ g(q) p + 1 and so 7r 2p_1 | <?(q) p2 + 1. Then apply 
theorem 12.131 

2. Applying lemma 12.81 we get ir p || s(q)P + 1 and so tx 2p ~ x \\ g(q) p + 1. Then 
apply theorem 12.131 

3. From lemma l2~2*l then g(q) G Z[£ p ] and so 7r p+1 | <7(q) p + l and also n 2p \ g(q) p2 + 
1. 

□ 

Remark: If C G is any semi-primary number with C = c mod ir 2 with c 

natural number we can only assert in general that C p ^ = ±1 mod ir p ~ 1 . For the 
singular numbers A considered here we assert more: mod 7T p . We 

shall use this 7r-adic improvement in the sequel. 
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3 Explicit polynomial congruences mod p con- 
nected to the £>-class group 

We deal of explicit polynomial congruences connected to the p-class group when p 
not divides the class number h + of K p . 

1. We know that the relative p-class group C~ = ® r k=1 Tf. where are groups of 
order p annihilated by a — Hk, [Ap. = v 2m-k+l mod p, 1 < < 2^2. Let us 
consider the singular numbers A^, k = 1, . . . , r~ , with ^ 2mk+1 | — with 
afc natural number defined in lemmas 12.91 and I2.1U1 From Kummer, the group 
of ideal classes of K p is generated by the classes of prime ideals of degree 1 (see 
for instance Ribenboim 5 (3A) p. 119). 

2. In this section we shall explicit a connection between the polynomial Q(a) € 
Z[G P ] and the structure of the relative p-class group C~ of K p . 

3. As another example we shall give an elementary proof in a straightforward way 
that if is odd then the Bernoulli Number -B( p +i)/2 ^ mod p. 

Theorem 3.1. Let p be an odd prime. Let v be a primitive root mod p. For 
k = 1, . . . , r~ rank of the p-class group of K p then 

(22) Q(v 2m fc+ l )= |^ ?; (2m fc+ l)x i x XB ) E ^p, 

i=l P 

(or an other formulation YYk=i( a ~ v 2nik+1 ) divides Q(o~) in F p [G p ]). 
Proof. 

1. Let us fix A for one the singular numbers A\. with 7r 2m+1 || A — a with a natural 

>A 
■A 

A 



number equivalent to 7r 2m+1 || (= — 1), equivalent to 



= = 1 + A 2m+1 x a, a e K p , u ff (a) = 0. 

Then raising to p-power we get (4) p = (l+A 2m+1 xa)f = l+p\ 2m+1 a mod ^-1+2^+2 
and so ^-1+2^+1 11 rA\ P _ 1 

II v.^/ 

2. From theorem 12. 151 we get 

{ £ )P (*)X(*-V) = { £ )P Q(a) = j mod ^p-l^ 

y4. t4. 



We have shown that 



(4) p = l + AP" 1+2m+1 6, beK p , v n (b) = 0, 



15 



then 

(23) (1 + X p - 1+2m+1 b) Q ^ = 1 mod TT 2p -\ 

3. But l+A p - 1+2m+1 6 = l+pA 2m+1 6i mod 7r P- 1 + 2 ™+ 2 with h € Z, 6i ^ mod p. 
There exists a natural integer n not divisible by p such that 

(1 + P X 2m+1 b 1 ) n = 1 + p\ 2m+1 mod ^P- 1 + 2m + 2 . 

Therefore 

(24) (1 + pA 2m+1 6i) nQ(<T) = (1 + p A 2m+1 ) Q(,T) = 1 mod vr P-i+2m+2_ 

4. Show that the possibility of climbing up the step mod 7r p- 1 + 2m +' 2 implies that 
a - v 2m+1 divides Q(a) in F p [G p ]: we have (1 + pX 2m+1 ) a = 1 + pa(X 2m+1 ) = 

l+p(C-l) 2m+1 = l+p((X+l) v -l) 2m+1 = l+pu 2m+1 A 2m+1 mod 7r p-l+2m+2 _ j n 

an other part (1 +pA 2m+1 )" 2m+1 = l+pv 2m+1 A 2m+1 mod vrP- 1+2m+2 . Therefore 



(25) (1 + p x 2m+l y- v2m+1 = 1 mod vr p 

5. By euclidean division of Q{cr) by a — v 2m+1 in F p [G p ], we get 

Q{a) = {a - v 2m+l )Q-i_(a) + R 

with R € F p . From congruence (jUJ) and (J25J) it follows that (1 + pX 2m+1 ) R = 
1 mod 7rP~ 1+2m + 2 and so that l+pRX 2m+1 = 1 mod vrP- 1+2m+2 and finally that 
R = 0. Then in F p we have Q(a) = (a - v 2m+1 ) x Qi(<r) and so Q(u 2m+1 ) = 
mod p, or explicitly 

Q^m+l) = v (2m + l Kp -2) x - V^V + u(2m+1)(p _ 3 ) y ^^ 4 ) - + 



+ ^m+l x 1 " lv = mod p, 
p 

which achieves the proof. 



□ 



Remarks: 



1. Observe that it is the 7r-adic theorem 12 . 1 51 connected to Kummer-Stickelberger 
which allows to obtain this result. 
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2. Observe that Si can also be written in the form Si = —[ - p xv ] where [x] is the 
integer part of x, similar form also known in the literature. 

3. Observe that it is possible to get other polynomials of Z[G P ] annihilating the 
relative p-class group C p : for instance from Kummer's formula on Jacobi cy- 
clotomic functions we induce other polynomials Qd(o~) annihilating the relative 
p-class group C~ of K p : lil < d <p — 2 define the set 

Id = {i\0<i<p-2, ^p- 1 )/ 2 - 1 + vte-W-i+indvW > p | 

where ind v {d) is the minimal integer s such that d = v s mod p. Then the 
polynomials Qd(cr) = Yliei o- 1 for d = 1, . . . ,p — 2 annihilate the p-class C p of 
K p , see for instance Ribenboim [2] relations (2.4) and (2.5) p. 119. 

4. See also in a more general context Washington, [7] corollary 10.15 p. 198. 

5. It is easy to verify the consistency of relation (|22|) with the table of irregular 
primes and Bernoulli numbers in Washington, [7J p. 410. 

An immediate consequence is an explicit criterium for p to be a regular prime: 

Corollary 3.2. Let p be an odd prime. Let v be a primitive root mod p. If the 
congruence 

P-2 



(26) X ^ x (" p — ) = mod P 



,V K > — V XV, 

A' -1 x | 

i=l 

has no solution X in Z with X^ -1 " 2 + 1 = mod p then the prime p is regular. 



We give as another example a straightforward proof of following lemma on Bernoulli 
Numbers (compare elementary nature of this proof with proof hinted by Washington 
in exercise 5.9 p. 85 using Siegel-Brauer theorem). 

Lemma 3.3. 7/2m+ 1 = 2^1 is odd then the Bernoulli Number Bfo+iyz ^ mod p. 

Proof. From previous corollary it follows that if B^ p+ iy 2 = mod p implies that 
Y^p-z v (2m+i)i x §i = o mod p where 2m + 1 = 2=1 because v^' 1 ^ 2 = -1 mod p. 
Then suppose that 



J^i-iy x C (? ^"^ **" ) = mod p, 
i=l " 



and search for a contradiction: multiplying by p 

P-2 

^(-1)* x (w-^ 1 ) -v~ i xv) = mod p 2 



17 



expanded to 

(-1 + v~ l - v~ 2 + v - (p - 3) ) + {v~ l v - v~ 2 v + ■■■ + v- (p - 2) v) = mod p 2 

also 

(-1 + v- 1 - v~ 2 + v-^-V) + {v- 1 - tT 2 + • • • + v- { P-^)v = mod p 2 . 

Let us set V = -1 + v' 1 - v~ 2 H v ~(p-3) + v -(p-z) . Then we get V - v"^" 2 ) + 

v(V + 1) = mod p 2 , and so V{l+v) + v - v'^^ = mod p 2 . But v = v^ p ~ 2) 
and so V = mod p 2 . But 

- y = 1 - y- 1 + u-2 + . . . + ^-(P-S) _ ^-(p-2) = Sl _ S2 

5 1 = l + v~ 2 + ••• + v^ p - 3 \ 

5 2 = v' 1 + v~ 3 + ■ ■ ■ + v'^-V. 

v~ L is a primitive root mod p and so Si + S2 = p ^~^ . Clearly Si 7^ S2 because 

is odd and so -V = S 1 - S 2 + and — V = mod p 2 with | - F| < 
contradiction which achieves the proof. □ 



4 Singular primary numbers and Stickelberger 
relation 

In this section we give some 7r-adic properties of singular numbers A when they are 
primary. Recall that r,r + ,r~ are the ranks of the p-class g roups Cpi Cp , Cp . Recall 
that C p = ®[ =1 Tj where T{ are cyclic group of order p annihilated by a — \ii with 
Hi G F* 



4.1 The case of C p 

A classical result on structure of p-class group is that the relative p-class group Cp is 
a direct sum C p = © (®£_ r+ , jTj) where the subgroups Tj, i = 1, . . . ,r + 

correspond to singular primary numbers Ai and where the subgroups Tj, i = r + + 
1, . . . ,r~ corresponds to singular not primary numbers A{. Let us fix one of these 
singular primary numbers Ai for i = 1, . . . ,r + . Let q be a prime ideal of inertial 
degree / such that AZ[( P ] = q p . 

Theorem 4.1. Let q be a prime not principal ideal ofZ[( p ] of inertial degree f with 
C7(q) E r C Cp . Suppose that the prime number q above q verifies p || qf — 1 anc? 
that A is a singular primary number with AZ[£ p ] = cf . Then 

(27) A£ 1 modit 3p - 1 . 
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Proof. 

1. We start of the relation g(q) p2 = ±A p ( a ^ proved in theorem 12.131 By conju- 
gation we get g(q) P = ±A P ^ a \ Multiplying these two relations and observing 
that s(q) x «j(q) = q f and Ax A = D p with D € ZfCp+C^ 1 ] we get q fp2 = D pP ^\ 
so qf p = D p ( a ) because q,D G Z[( p + C" 1 ] and, multiplying the exponent by 
a - v, we get qM^ = D^MC"-") so gM 1 -") = from lemma l2~TUl p. 
ITU1 and thus 

(28) =j dQW. 

2. Suppose that vr 2 * 5 " 1 | A - 1. Then vr 2 ?" 1 | A - 1, so vr 2 ^ 1 [ D p - 1 and so 
vrP | £> - 1 and so ir p \ D®^ - 1, thus tt p \ qf^~ v ) - 1 and finally ip\qf -I, 
contradiction with ir p ~ l \\ q* — 1. 

□ 

In the following theorem we obtain a result of same nature which can be applied 
generally to a wider range of singular primary numbers A if we assume simultaneously 
the two hypotheses q = 1 mod p and £>('?~ 1 )/ p = 1 mod q. 

Theorem 4.2. Let q be a prime not principal ideal of Z[( p ] of inertial degree f = 1 
with C7(q) E r C C p . Let A be a singular primary number with AL[Q p ] = q p . // 
p(q- l )/p = i mod q then there exists no natural integer a such that 

(29) A = a p mod ir 2p . 

Proof. Suppose that A = a p mod ir 2p and search for a contradiction. We start 
of relation <?(q) p = ±A P ^ proved in theorem 12. 131 p. 1121 Therefore g(q) p = 
± a pP{°) m od tt 2p , so 

g(qf = ±aP (^^ 2 >+-+^ 1 +l) mod 7r 2 Pj 

SO 

5 (q)P 2 = ±a p2( - p ~ 1 ^ 2 mod ir 2p . 

But a p2{ P'^/ 2 = ±1 mod vr 2p . It should imply that g(q) p2 = ±1 mod vr 2p , so that 
g(q) p = ±1 mod 7r p+1 which contradicts lemma l2~8l p. El □ 

4.2 On principal prime ideals of K p and Stickelberger 
relation 

The Stickelberger relation and its consequences on prime ideals q of Z[Q P ] is mean- 
ingful even if q is a principal ideal. 
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Theorem 4.3. Let q± G Z[£ p ] wif/i <?i = a mod 7r p+1 where a G Z, a ^ mod p. // 

a_ = N K /q((?i) is a prime number then p(2 —1 )/?> = 1 mod q. 



Proof. From Stickelberger relation g(qiZ[( p ]) p Z[( p ] = gf ^Z[£ p ] and so there exists 
e G Z[( p ]* such that gi(giZ[£ p ]) p = gf^ x e and so 

5 (giZ[C p ] ft 

From hypothesis = = 1 mod 7r p+1 and so (3^^^A\p = \ mod ir p+1 . From lemma 
EElp- El it follows that p^- 1 )/^ = 1 mod q. □ 



5 Stickelberger's relation for prime ideals q of 
inert ial degree / > 1. 

Recall that the Stickelberger's relation is g(q) p = q 5 where S = Y^aZq o- l v~ l G Z[G P ]. 
We apply Stickelberger's relation with the same method to prime ideals q of inertial 
degree / > 1. Observe, from lemma E2] p. 03 that / > 1 implies g(q) G Z[£ p ]. 

A definition: we say that the prime ideal c of a number field M is p-principal if 
the component of the class group < Cl(c) > in p-class group D p of M is trivial. 

Lemma 5.1. Let p be an odd prime. Let v be a primitive root mod p. Let q be an 
odd prime with q ^ p. Let f be the smallest integer such that qf = 1 mod p and let 
m = Let q be an prime ideal of Z[£ p ] lying over q. If f > 1 then g(q) G Z[£ p ] 

and g(q}Z[( p ] = q^ 2 where 

m-l v -(i+j m ) 

(30) S 2 =Y, C^ 9 ) x ^ e Z[G P ]. 

8=0 P 

Proof. 

1. Let p = fm + 1. Then Nj^jq^) = qf and q = cf™ = • ■ ■ = q CT</ 1)m . The sum 
5 defined in lemma 1231 pITI can be written 

rn-lf-l 
5 _ ^ a i+jm v ~(i+jm) ^ 

i=0 j=0 
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2. From Stickelberger's relation seen in theorem 12.11 p. |S1 then g(q) p Z[£ p ] = q 5 . 
Observe that, from hypothesis, q = cf™ = • • • = q CT ^ 1>m so Stickelberger's 
relation implies that g(q) p Z[(p] = <l Sl with 

m— If—} m-l W-l -.(i+jm) 

s ± = E E <^~ (i+jm) =px^ ) x ^ 

i=0 j=0 i=0 ^ 

where Efjo v^^^) /p G Z because — 1^0 mod p. 

3. Let S2 = ^ • From lemma lT2*l p. [5]we know that / > 1 implies that <?(q) € Z[£ p ]. 
Therefore 

5(q)z[C P ] = q 52 , s(q)ezy. 

□ 

It is possible to derive some explicit congruences in Z from this result. 

Lemma 5.2. Let p 6e an odd prime. Let v be a primitive root mod p. Let q be an 
odd prime with q 7^ p. Let f be the smallest integer such that qf = 1 mod p and let 
m = ^ji. Let q be an prime ideal ofZ[( p ] lying over q. 

1. If f > 1 and if q is not p-principal ideal there exists a natural integer I, 1 < 
I < m such that 

m-l y^/-l v -(i+jm) 

(31) EF^ ) x v lfl = mod p, 

i=0 p 

2. If for all natural integers I such that 1 < I < m 

m-l v-*/-l v -(i+jm) 

(32) ) x ylfi & mod P> 

i=0 ^ 

i/ien q is p-principal 
Proof. 

1. Suppose that q is not p-principal. Observe at first that congruence 1)31(1 with Z = 
m should imply that ES^Efo v"^'" 1 ) )/p) = mod p or YTJq 1 Ejto v~ (i+im) 
mod p 2 which is not possible because d - ^-?" 1 ) = v -( l '+f m ) implies that jf = jf' 

m-l V^/-l -(i+jm) _ P(P-1) 



and £ = i' and so that ^™ Xw =0 



2 



21 



2. The polynomial 52 of lemma l^TI annihilates the not p-principal ideal q in F P [G P ] 
only if there exists a — v n dividing 52 in F p [G p ]. From q "™ -1 = 1 it follows 
also that a — v n \ a m — 1. But a — v n \ a m — v nm and so a — v n \ v nm — 1, thus 
nm = mod p — 1, so n = mod / and n = If . Therefore if q is not p-principal 
there exists a natural integer /, 1 < I < m such that 

m-l y^/ _1 v -(i+jm) 

(33) Yl ) x ylfi = mod P> 

i=o P 

3. The relation (|32j) is an imediate consequence of previous part of the proof. 

□ 

As an example we deal with the case / = . 
Corollary 5.3. If p = 3 mod 4 and if f = then q is p-principal. 
Proof. We have / = m = 2 and / = 1. Then 

( 34) s = y r j=o ) x ^ = — — . 

p p p 

S = mod p should imply that £^~ 3)/2 u_2j ~ £j=o 3)/2 v~ (1+2j) = mod p 2 . But 
Ej="o 3)/2 ^" 2i + Ef=o 3)/2 ^- {1+2j) = is odd, which achieves the proof. □ 



22 



References 

[1] K. Ireland, M. Rosen, A Classical Introduction to Modern Number Theory, 
Springer- Verlag, 1982. 

[2] H. Koch, Algebraic Number Theory, Springer, 1997. 

[3] R.A. Mollin, Algebraic Number Theory, Chapman and Hall/CRC, 1999. 

[4] W. Narkiewicz, Elementary and Analytic Theory of Numbers, Springer-verlag, 
1990. 

[5] P. Ribenboim, 13 Lectures on Fermat's Last Theorem, Springer- Verlag, 1979. 

[6] P. Ribenboim, Classical Theory of Algebraic Numbers, Springer, 2001. 

[7] L.C. Washington, Introduction to cyclotomic fields, second edition, Springer, 1997. 



23 



